Thermal maintenance costs 15% of global energy. The concept of an "energy-free thermostat" was accordingly proposed to change environmental temperature gradients, which can maintain a certain space at constant temperature without the need to consume additional energy according to a temperature-trapping theory [Shen et al., Phys. Rev. Lett. 117, 055501 (2016)]. Here we develop the theory by introducing thermoelectric effects, and we then propose a "negative-energy thermostat" that generates electricity associated with energy-free maintenance of a constant ambient temperature. The thermostat further helps to design a different thermoelectric cloak: for changing ambient temperature gradients, its central region has an approximately constant temperature and potential while simultaneously generating thermoelectromotive forces. Our finite-element simulations confirm the effects predicted by the theory developed, and we also discuss the possibility of experimental demonstration with natural materials. This work not only has relevance for expanding the temperature-trapping theory by achieving thermoelectric conversion synergistically but also offers a different method to manipulate coupled fields in electrothermotics; it also gives hints on how to control other coupled fields in photothermotics, photoelectrics, electromagnetics, thermomagnetics, and thermomechanics.
I. INTRODUCTION
Thermal phenomena are ubiquitous in nature and daily life. In today's energy-consumption domain, a considerable quantity of heat energy is generated and released as waste energy. On the other hand, about 15% of global energy is used for temperature maintenance or thermal insulation [1] . Hence, how to manipulate heat flow at will is an urgent challenge.
In the past ten years, transformation thermotics has flourished and become a useful tool to control the flow of heat with high efficiency . In light of temperaturedependent transformation thermotics (for which thermal conductivities are a function of temperature) [26, 27] , the concept of an energy-free thermostat was theoretically proposed and experimentally demonstrated in 2016 [29] . This thermostat keeps a specific region at constant temperature (without the need to consume additional energy) even when ambient temperature gradients change greatly. The underlying mechanism can be understood by a temperature-trapping theory established in Ref. [29] . Based on Fourier's law of heat conduction and the continuity equation of heat flow, the temperaturetrapping theory crucially depends on two structures with * jphuang@fudan.edu.cn asymmetric transitions between good and bad heat conductors. Namely, as ambient temperature gradients increase, one structure changes from a good to a bad conductor, and the other structure changes from a bad to a good conductor. Both structures have the same transition temperature, which is equal to the temperature required to be maintained in the desired specific region.
However, when thermal and electric fields are coupled with each other, the situation could become much more complicated. For example, while the thermostat works at ambient temperature without consuming additional energy, can it generate electricity at the same time? If so, for comparison with previous energy-free thermostats, we call such new thermostats "negativeenergy thermostats." For this purpose, here we develop the temperature-trapping theory by introducing thermoelectric effects, which can convert thermal energy into electricity (see, e.g., Ref. [30] ). We show, by theory and simulation, that this system can produce thermoelectromotive forces while maintaining the function of a thermostat. Owing to mathematical similarity between thermotics and electrostatics, it is easy to extend the temperature-trapping theory from thermotics to electrostatics by replacement of thermal parameters (thermal conductivity and temperature) with electric counterparts (electric conductivity and potential). As a result, similar effects can be obtained; namely, maintaining a constant electric potential in a specific region while external potential gradients change. On the basis of this, we further design an improved thermoelectric cloak for a model application that not only maintains a constant temperature and electric potential inside the cloaking region, but also outputs thermoelectromotive forces simultaneously. To this end, we also propose a feasible experimental demonstration by adopting commercially available materials, including bismuth telluride (Bi 2 Te 3 ).
II. THEORY AND FINITE-ELEMENT SIMULATION: NEGATIVE-ENERGY THERMOSTAT
Let us consider a one-dimensional case for steadystate heat conduction. In this case, a tripartite structure with a centrosymmetric-logistic-function form of the thermal conductivities of parts A and B could be used for temperature trapping [29] ; see Fig. 1 and B have a steep but inverse change around this critical temperature. Suppose that parts A and B possess an additional thermoelectric property with a homogeneous isotropic Seebeck coefficient S. The electric conductivities (σ A , σ B , and σ C ) of parts A, B, and C are assumed to be three constants satisfying σ A = σ B σ C . The correlations of their thermal conductivities follow the same assumption as described in Ref. [29] ; relevant details can be found below. Now we are in a position to prove that almost all ambient temperature drops will be occur in parts A and B, thus producing thermoelectromotive forces and forming a constant-temperature zone within part C simultaneously.
Firstly, we build a fundamental model in an open-circuit condition (there is no net current in the circuit). In the onedimensional system directed along the x axis, the steadystate heat conduction Fourier equation can be expressed as
where q is the density of heat flow along the x direction.
As depicted in Fig. 1(a) , we have
and
where T 1 , T 2 , T 3 , and T 4 (or a, b, c, and d) are corresponding temperatures (or positions along the x axis). Assume that |b − a| = |d − c|. Then, on the basis of the law of continuity of heat flow [q(x) is constant at any x position], Eqs. (2) and (3) yield
The thermal conductivities of parts A and B can be assumed to be a centrosymmetric logistic function [29] 
where φ and ψ have the same unit as the thermal conductivity (W/m K) and T c is an arbitrary value between T 1 and 024053-2 NEGATIVE ENERGY CONSUMPTION OF THERMOSTATS. . .
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T 4 . In Eqs. (5) and (6), a prefactor of T − T c , whose unit is K −1 , is omitted throughout this work. For the integral for part A, we obtain
Considering that T 1 is always much smaller than T c when heat is conducted from right to left, Eq. (7) can be approximated as
On the other hand, for the integral for part B, since T 4 is much larger than T c , we obtain
The substitution of Eqs. (8) and (9) into Eq. (4) yields
Owing to the relationship κ C ψ φ [29] , we have T 2 ≈ T 3 . By ignoring the terms with φ (a small quantity), we eventually obtain
We have proved that part C is an approximately-constanttemperature zone, and almost all ambient temperature drops will occur in parts A and B. Then the excited thermoelectromotive force U ad can be written as [31] 
Combining the equation of continuity of heat flow and the equation governing thermoelectric effects, we have theoretically shown a kind of negative energy consumption of thermostats. In this case, parts A and B can be regarded as two batteries in series and the energy comes from the ambient temperature difference between a and d. To show the validity of the above theoretical analysis, we perform finite-element simulations with COMSOL MULTIPHYSICS. We keep the temperature of the cold source constant (273 K) and vary the temperature of the hot source from 320 to 380 K; parts A and B are set to have the Seebeck coefficient S = 0.2 mV/K [32] . Figure 2 shows the temperature
show that the central temperatures are almost invariant, and are all close to the transition temperature of parts A and B, T c . On the other hand, the behavior still exists if the temperature of the cold source varies while the hot source is maintained at a constant temperature. In Fig. 4 (a), we compare the theoretical thermovoltage with our simulation results (solid line and red stars). This helps to indicate that the proposed model could make nearly full use of ambient temperature gradients for generation of electricity without losing the feature of a thermostat, thus yielding the so-called negative energy consumption of thermostats. The robustness of the theoretical model is verified by the simulation results. In addition, we discuss a possible experimental demonstration in Sec. IV.
We are now in a situation to apply this fundamental model to a practical application scenario (the device is loaded externally). However, the case will be more complex because a net charge-carrier current occurs in the closed circuit. Thus, thermoelectric coupled terms in the governing equations should be taken into account. Here we still consider a one-dimensional system of charge-heat transport. The steady-state Fourier heat conduction Eq. (1) will be modified accordingly as [31] 
where j (x) is the electric current density caused by Seebeck effects and μ is the electrochemical potential of each position. and S are the Peltier and Seebeck coefficients, respectively, which are assumed to be temperature independent for small temperature gradients. They are regarded as scalar quantities in the one-dimensional case; however, if we consider a three-dimensional anisotropic system, they should be second-order tensors. What is more, and S are not independent of each other. They follow the relation of locality = TS (T is the temperature of the local position) [31] . The first terms on the right-hand side of Eqs. (13) and (14) describe the independent propagation of heat flow and electric current under respective gradients. The second terms are the results of Peltier effects and Seebeck effects. They reveal symmetric and coupled effects in the charge-heat transport. The electric current density j (x) will also cause Joule heating in the circuit and redistribute the temperature of the system in the steady state, which can be described as [31] dq The coupled thermoelectric governing equations imply an additional hot source due to the Joule-heating effect and a heat flow from the electric current. But the thermoelectric coupled terms will not play an influential role because of the low thermoelectric coefficients and S. To prove this, we apply the coupled transport equations to our model and perform finite-element simulations with COM-SOL MULTIPHYSICS. Its thermoelectric module contains Eqs. (13)- (15) . When loaded with a conventional resistance (say, its thermal conductivity κ L and electric conductivity σ L are low), the thermostat function of the source holds, which is shown in Figs. 3(a)-3(d) . The electric load can get part of the thermoelectromotive forces, and its value treads on the heels of the ambient temperature gradients. When we increase κ L , the central temperature of the source and the voltage drop on the load will be almost unchanged because the source is isolated thermally with two heat or cold reservoirs at both extremes. So the temperature distribution keeps unchanged for the region between the source and the external circuit. However, the variation of σ L will mainly determine the voltage drop on the Fig. 4(b) . We can see that when the ambient temperature gradient is over 100 K, the difference in central temperatures between the open-circuit case and the short-circuit case is less than 0.02 K. With σ L increasing, the voltage drop on the load decreases, in accordance with the behavior of the electric power density of the load [ Fig. 4(c) ]. That is to say, the output electric power of the system has the same trend as the variation of the load's resistance, at least in a very large range. This is because the source's resistance is very high, and the maximum output power is achieved when the resistances of the load and the source are equal [33, 34] . We will prove that in our model the energy-conversion efficiency will also be maximum under this condition.
It is the weak coupling effects that make the thermostat source maintain its intrinsic function while outputting electricity. The coupling coefficients are representation signals of the strength of coupling. Therefore, the temperature distribution of the whole device will scarcely change. We can define the energy-conversion efficiency of the system as η = W e /Q H , where W e is the output power and Q H is the heat flow transferring from the heat reservoir into the source. In our model [ Figs. 1(a), 2, and 3] , by solving Eqs. (13)- (15) simultaneously, we can obtain
where K 0 and R 0 are the effective thermal conductance and electric resistance of the tripartite source. As parts A, B, and C are in series thermally and electrically, by ignoring the influence of part C (
, we can write K 0 and R 0 as
This is the result of the effective-medium approximation [35] . κ B and κ B are the effective thermal conductivities of parts B and A, respectively. They can be deduced as κ B =
, respectively. A S refers to the cross-section area of the source. The first term in Eq. (16) is the heat flow caused by carrier transport, and the second term describes the independent production of the heat flow under temperature gradients. The third term is the result of Joule-heating effects. Its coefficient 1 2 is based on the assumption that Joule heat flow dissipates to heat or cold reservoirs uniformly. I e is the electric current in the closed circuit. For convenience of analysis, we set R L (equal to l L /σ L S L ) as the electric resistance of the load. As the temperature distribution of the source remains almost unchanged under the closed-circuit condition, with use of Eq. (12) we can obtain
The output power can be given as
On the basis of Eqs. (16) and (20), we can further write the thermoelectric conversion efficiency of the system as
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Finally, we substitute Eq. (19) into Eq. (21) and get
So far, we have deduced the conversion efficiency of our system. When the ambient temperature is fixed, the efficiency is based on the intrinsic property of the source and load. We can define Z 0 = S 2 /K 0 R 0 as the figure of merit of the source, which describe the source's energy-conversion ability [36] . The effective Seebeck coefficient S of the source approximates that of the bulk Bi 2 Te 3 because we can simply infer that
to Eq. (12) . So S in the expression for Z 0 of the source is predictable. By setting m = R 0 /R L , we can simplify Eq. (22) as
. (23) The simulation results and theoretical efficiency values predicted by Eq. (23) are shown in Fig. 4(d) . It gives a qualitative comparison. We keep the temperature of the cold source and the hot source at 273 and 380 K, respectively. The logarithm of m is taken as the horizontal axis. We can see the heat flow Q H transferring into the thermostat is almost invariable due to the fixed temperature gradients. The trend of the simulation results fits the theoretical calculation of Eq. (23) . The difference in values between them is mainly because of the data-extraction approach in COMSOL MULTIPHYSICS (the heat reservoir is coupling with the model and we read the heat-flow density at this position to get Q H , which is larger than the actual value). In other words, the theoretical calculation is an exact solution, while the simulation result is rough. But together they confirm the conclusion that the efficiency reaches a maximum when m ≈ 1 or ln m ≈ 0. This conclusion is correct only when Z 0 is very small. This can be interpreted by a simple calculation ∂η/∂m = 0 and we
On the basis of our theoretical calculation of this model, we obtain Z 0 = 0.0038 and Z 0 T = 1.14 (when T = 300 K), which conforms to this condition. We can see Z 0 and m are the determining factors for the conversion efficiency. By redesigning the structure of the negative-energy thermostat (e.g., rearranging the electric connecting in parallel to reduce the effective electric resistance R 0 , so as to increase Z 0 and decrease m) and choosing optimized materials, we can enhance the practical energy-conversion efficiency.
III. THERMOELECTRIC THERMOSTAT CLOAK AS AN EXTENSION TO THE THERMOSTAT
To show the feasibility and applicability of our theory, we apply the theory and further design a homothermal thermoelectric cloak. The cloak can help to transform part of the ambient thermal energy into thermoelectromotive forces, while maintaining approximately constant temperature (or potential) in the central (cloaking) region. In the meantime, it keeps both the temperature distribution and the electric potential distribution outside the cloak from being disturbed.
Cloaking of coupled thermoelectric transport was firstly proposed theoretically in Ref. [37] . Unprecedentedly, a definite method for manipulating coupled thermoelectric domains in a single device was given, which can be generalized to other multiphysics domains. Here we use the core conclusion that the coupling coefficient S remains the same form after coordinate transformation [37] . Combined with the theory of a negative-energy thermostat presented above, we design such a thermoelectric cloak different from the one reported in Ref. [37] .
Firstly, as steady heat conduction and electric transport follow the same rule described by Laplace's equation, we can easily generalize the temperature-trapping theory [29] from the thermal domain to the electric domain, thus enabling the trapping of electric potentials in a certain region by the ambient temperature. Secondly, for convenience in manufacturing, we consider a bilayer (twoshell) structure [10] . Thus, as depicted in Fig. 1(b) , we use four types of materials for regions I-IV located in a background (with thermal conductivity κ 0 and electric conductivity σ 0 ). In detail, regions I and II are occupied by temperature-dependent phase-transition materials whose thermal conductivities (κ I and κ II ) and electric conductivities (σ I and σ II ) are described by centrosymmetric logistic functions with a same transition temperature, T c . That is, the expressions for κ I , κ II , σ I , and σ II are as follows:
, and electric conductivities given by
according to the requirement of bilayer cloaks [10] . In addition, we assume that all the regions (namely, regions I-IV together with the central circular region and background) have the same homogeneous isotropic Seebeck coefficient [37] . , the central temperature and the temperature distribution outside will not be affected. The electric current (black arrows) will steer around the cloaking region and remain uniform as if there were no object existing in the center. The central electric potential will vary slightly because of the additional electric field. The constant electric potential function is not strict because the temperature and the potential are not of equal status in this cloak. Equation (24) implies that the ambient temperature is the key factor to make the thermoelectric cloak a thermostat. So if we apply only a single external electric field at both ends, the cloaking and thermostat function will not work. So this thermoelectric cloak is actually a temperature-driven thermoelectric thermostat cloak.
Thus, under an ambient temperature gradient, one can see that this cloak can not only maintain an approximately constant temperature or potential inside the central region but can also convert heat energy into electricity without disturbing the thermal or electric fields outside as well. Clearly, our thermoelectric cloak is essentially different from the existing thermoelectric cloaks. For the sake of more clarity, Fig. 6 shows the change of temperature or potential at the central points when the temperature of the hot source or the corresponding potential varies significantly. This figure helps to indicate that the central temperatures and potentials are almost constant, which is in contrast to the linear variation of conventional thermoelectric cloaks designed in Ref. [37] .
IV. DISCUSSION AND CONCLUSION
We develop the temperature-trapping theory by taking into account thermoelectric effects. Our application of the theory developed is twofold. Namely, with the help of this theory, we propose the concept of a negativeenergy thermostat, and we further design a different kind of thermoelectric cloak with new features.
The so-called negative-energy thermostat means that the thermostat can generate electricity while energy-freely maintaining a constant temperature under ambient temperature differences. On the basis of our theory, we suggest a possible experimental demonstration with details.
A convincing experimental demonstration of energyfree maintenance of temperatures was reported in Ref. [29] : two types of shape-memory alloys were used to realize the symmetric logistic forms of thermal conductivities. For experimental demonstration of the present negative-energy thermostat, we suggest the use of phosphor copper and Bi 2 Te 3 (with κ Bi 2 Te 3 = 1.6 W/m K and S Bi 2 Te 3 = 2 × 10 −4 V/K, a widely used thermoelectric material [38] ). A detailed structure is shown in Fig. 7 . Part A or part B has two layers. The bottom layer is composed of three phosphor copper films (κ p = 54 W/m K) [39] and three Bi 2 Te 3 films. Regarding the top layer, three bimetallic strips composed of phosphor copper films and shape-memory-alloy films are installed above the Bi 2 Te 3 locations. They have inverse deformation at the same transition temperatures for parts A and B. Each film or the strip has the same length or width. The Bi 2 Te 3 films are slightly thinner than the phosphor copper films for the convenience of leveling the bimetallic strips on the top. The central region contains a copper film (κ Cu = 394 W/m K). −4 V/K). For this design, the thermal-transfer process should be the same as that in Ref. [29] , but the new function of generating electricity could be achieved in the working mode.
When the cold (hot) source is placed at the left (right) end, the bimetallic strips will tilt up (level) as a switch of the thermal path. About 97% of the temperature difference will focus on Bi 2 Te 3 films (working mode) due to the large thermal-conductivity difference between them and phosphor copper films. So parts A and B play a crucial role in performing the function of converting energy and maintaining temperatures. If the temperature field reverses, this function will disappear and heat flow will run through the bimetallic strips instead of the Bi 2 Te 3 films. Then almost no energy will be converted and the temperature of the central region will change with the ambient temperature (nonworking mode). We can calculate the effective thermal conductivities by using the effective-medium theory (see, e.g., Ref. [35] ). Accordingly, under the condition of the working mode, the effective thermal conductivity is 3.1 W/m K, while it is 54 W/m K in the nonworking mode. This echoes with Eq. (3) in Ref. [29] . Additionally, the function of production of a thermoelectromotive force can be verified by our probing the electric potential difference between the two ends of the tripartite structure, as demonstrated with voltmeters in Fig. 7 .
Inspired by the concept of negative energy consumption of thermostats, we further theoretically design thermoelectric cloaks that differ from those reported in Ref. [37] . When ambient temperature gradients change, our cloaks can not only maintain (approximately) constant temperatures and potentials inside the central region without disturbing thermal or electric fields outside the cloak but can also convert heat energy into thermoelectromotive forces. This idea could be a potential scheme in the design of energy-saving buildings, vehicles, and spacecraft. It can help create a specific inner environment while collecting and converting energy from the outside. Two problems need to be studied further to achieve the goal of commercial applications. One is to find such practicable multiphysics-environment-responding materials (e.g., thermal and electric conductivities vary synergistically with the temperature). The other is to increase the energyconversion efficiency. It is worth noting that we focus on steady states in this work. Our thermoelectric cloak works well under this condition. However, for transient states, the situation could become complicated due to the possibility of slight distortion of fields outside [40] . Even so, constant temperatures and potentials can still be maintained inside the cloaking region.
In summary, by developing a different theory to investigate coupled fields in electrothermotics, the present work can be considered as a potential green-energy solution. The possibility of expanding this theory to other coupled fields should be verified. This work provides some hints on how to manipulate many other coupled fields, especially those possessing symmetric forms of governing equations as in electromagnetics, thermomagnetics, etc.
